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Abstract. In this article, we provide a sufficient condition which gives De- 
vaney chaos and distributional chaos for Cowen-Douglas operators. In fact, 
we obtain a distributionally chaotic criterion for bounded linear operators on 
Banach spaces. 



1. Introduction and preliminaries 

A discrete dynamical system is simply a continuous mapping f : X ^ X where 
X is a complete separable metric space. For x d X, the orbit of x under / is 
Orb{f, x) — {x, f{x),p{x), . . .} where /" = / o ./ o ■ • • o / is the n*'* iterate of / 
obtained by composing / with n times. 

Recall that / is transitive if for any two non-empty open sets U,V in X, there 
exists an integer n > 1 such that f"'{U) C\V ^ 4>. It is well known that, in 
a complete metric space without isolated points, transitivity is equivalent to the 
existence of dense orbit ([15J). / is weakly mixing if (/ x /, X x X is transitive. / 
is strongly mixing if for any two non-empty open sets U,V in X, there exists an 
integer to > 1 such that f^{U)r\V ^ for every n> m. f has sensitive dependence 
on initial conditions (or simply / is sensitive) if there is a constant 5 > such that 
for any x ^ X and any neighborhood U of x, there exists a point y £ X such that 
d{f^{x),f"'{y)) > S, where d denotes the metric on X. 

In 1975, Li and Yorke |;9j observed complicated dynamical behavior for the class 
of interval maps with period 3. This phenomena is currently known under the 
name of Li- Yorke chaos. Therefrom, several kinds of chaos were well studied. In 
the present article, we focus on Devaney chaos and distributional chaos. 

Following Devaney [3], 

Definition 1.1. Let {X,f) be a dynamical system. / is chaotic if 
(Dl) f is transitive; 

(-D2) the periodic points for / are dense in X; and 
(£>3) / has sensitive dependence on initial conditions. 

It was shown by Banks et. al. {[1]) that {Dl) + {D2) implies (-D3) for any 
aperiodic system. Devaney chaos is a stronger version chaos than Li- Yorke chaos, 
which is given by Huang and Ye |Hj and Mai [T2] . 

From Schweizer and Smltal's paper pB], distributional chaos is defined in the 
following way. 
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For any pair {x, y} C X and any n G N, define distributional function F^^ : M — > 
[0,1]: 

F^yir) = -#{0 < z < n : dif{x),fiy)) < r}. 
Furthermore, define 

F,,(r) =liminfF,';(T), 
Kyi^) = limsupF^"j^(T) 

n — >oo 

Both Fxy and F*y are nondecreasing functions and may be viewed as cumulative 
probability distributional functions satisfying F^yir) — F*y{T) = for r < 0. 

Definition 1.2. {x,y} C X is said to be a distributionally chaotic pair, if 

F*y{T) = 1, V T > and F^y{e) = 0, 3 e > 0. 

Furthermore, / is called distributionally chaotic, if there exists an uncountable 
subset D C X such that each pair of two distinct points is a distributionally chaotic 
pair. Moreover, D is called a distributionally e-scrambled set. 

Distributional chaos always implies Li-Yorke chaos, as it requires more compli- 
cated statistical dependence between orbits than the existence of points which are 
proximal but not asymptotic. The converse implication is not true in general. How- 
ever in practice, even in the simple case of Li-Yorke chaos, it might be quite difficult 
to prove chaotic behavior from the very definition. Such attempts have been made 
in the context of linear operators (see [HIS]). Further results of [4] were extended 
in [13j to distributional chaos for the annihilation operator of a quantum harmonic 
oscillator. More about distributional chaos, one can see |16 [ fTT t fTO t fTT | I18j. 

Let H be a complex separable Hilbert space and C{TC) denote the collection of 
bounded Hnear operators on Ti. We are interesting in a family of operators given 
by Cowen and Douglas [2]- 

Definition 1.3. For a connected open subset of C and n a positive integer, let 
Bni^) denotes the operators T in C{'H) which satisfy: 

(a) f2 C (t(T) — {oj £ : T — lo not invertible}; 

(b) ran{T — uj) = TL for lo in fJ; 

(c) V ker^^n{T - w) = H; and 

(d) dim ker(T — co) ~ n for lu in Q. 

We have known some properties of these operators from 

oo 

Proposition 1.4. Let T E B„{n) and ujq G n. Then V ker{T ~ uj^f = H. 

k=l 

Proposition 1.5. If C VL is a hounded connected open subset of C, then 
CB„(r!o). 

In this paper, S is always used to denote the unit circle in C. In the next section, 
we provide a sufficient condition VinS^cj) which gives Devaney chaos for Cowen- 
Douglas operators. In the last section, we obtain a distributionally chaotic criterion 
for bounded Hnear operators on Banach spaces. AppHed by this distributionally 
chaotic criterion, n S* 7^ (/> is also a sufficient condition which gives distributional 
chaos for Cowen-Douglas operators. 
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2. DeVANEY CHAOS FOR COWEN-DOUGLAS OPERATORS 

Proposition 2.1. Let T £ S„(ri). If QCl S ^ (j), then T is strongly mixing. 

Proof. Suppose U and V be arbitrary open subsets in H. We have e > and open 
subsets U' and V such that 

B{u',e) C U and B{v',e) C V, 

for any u' G U' and any v' . Since 17 is a connected open subset and ilOS ^ (f), 
there are two bounded connected open subsets fli and fl2 in fl such that 

sup |a| = A < 1 and inf \l3\ ~ p > 1. 

By proposition 11.51 there exist two points x & U' and y £ V with the following 
forms: 

t ! 

x = ^x, and y = 
t=i j=i 

where Xi S ker{T — Ai), A^ G ili a7id e ker{T — pj), pj e 122. 
t I 

Now let M = max{Y^ W^iW^ WViW}- Then there is a positive integer N such 

i=i ]=i 

that for each k > N, 

X'' < e/M and p^^ < e/M. 
I 

Given any k > N, let u{k) = x + J2 Pi'^Vj- Obviously, 

I I I 

\\u{k)-x\\ = \\Y.pj'y,\\<J2\p-''\-\\yj\\<p-''J2\\y^\\<'^ 

so u{k) e U. On the other hand, 

lirMfc) - 2/11 - II E ^'^^11 ^ E i^'i • ii^^ii ^ E ii^^ii < ^' 

't=l 'i=l i—1 

that implies T'^uik) € y. Hence T^{U) DV ^ cj) and consequently T is strongly 
mixing. 

□ 

Proposition 2.2. Lei T S S„(ri). If flH S (p, then Per(T) is dense in 7i. 

Proof. Let A = {e^'"" : for all rational numbers r}. Then A is dense in S, and 

one can see that for each e A, there exists a positive integer m{5) such that (5 is a 

root of the equation z'"^''' — 1. Since is a connected open subset and O n 5* 7^ 0, 

we have n A 7^ Now let s e n A. If a; e ker{T — s)'^ for any fc, then 

00 

2ifcm(s) j-^,^ _ ^ hence IJ ker{T ~ s)'^ C Per{T). Therefore, by proposition 1 1.4[ 

fe=i 

Per{T) is dense in Ti.. □ 

By Proposition 12.11 and 12. 2[ one can see the following result immediately. 
Theorem 2.3. Let T G S„(ri). If flH S cj), then T is Devaney chaotic. 
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Remark 2.4. Notice that flDS ^ (j) is not a necessary condition for Devaney chaos 
for Cowen-Douglas operators. As well-known, the backward shift operator T, with 
the weight sequence {ujn = ^^^}?^=i, is a Devaney chaotic Cowen-Douglas operator. 
However, the largest connected open domain fl for T, which admits T G Bl{^l), is 
the unit open disk and hence is disjoint with S. 

3. DiSTRIBUTIONALLY ChAOTIC CRITERION AND ITS APPLICATION ON 

Cowen-Douglas operators 

First of all, we'll give a new concept which is very useful to prove an bounded 
linear operator is distributional chaotic. 

Definition 3.1. Let X be a Banach space and let T G jC{X). T is called norm- 
unimodal, if we have a constant 7 > 1 such that for any m G N, there exists Xm G X 
satisfying 

(NUl) lim ||T'=x„|| = 0, 

k—>-oo 

{NU2) \\T'Xm\\>l'\\xml i = l,2,...,m. 

Furthermore, such 7 is said to be a norm-unimodal constant for the norm- 
unimodal operator T. 

Remark 3.2. If x is the point referred to in the above definition, then for any c G C, 
cx has the same properties as x because of the linearity of T. Therefore, we can 
select a point with arbitrary non-zero norm satisfying the same conditions. 

Theorem 3.3 (Distributionally Chaotic Criterion). Let X be a Danach space and 
let T G C{X). IfT is norm-unimodal, then T is distributionally chaotic. 

Proof. Let R = \\T\\ and let 7 be a norm-unimodal constant for T. Suppose {cfej^i 
be a sequence of positive numbers decreasing to zero. First of all, fix A^i G N (for 
example, set A''i = 2). Then there is Xi such that ||a;i|| = 1 and 

lim ||T'=a;i|| =0, and ||T'a;i || > 7'||a;i ||, i = l,...,Ni. 

So we can choose Mi such that ||T'"a;|| < ei for any n > Mi. For convenience, let 
iV{ =0. Then ||r*a;i|| > 1, i = Ni,...,Ni. 

Now we'll construct a sequence of points {xk}'^i associated with three sequences 
of integers {iVfej^^, {TV^j^^and {Mkjf^i such that for every k>2 

(I) llxfell •2-'^.efe_i ; 

(II) \Txk\\>j'\\xk\l i = l,...,Nk; 

(III) 7^^ • R-^""-^ ■ 2-^ ■ ek-i > 1; 

(IV) ^ > ^; 

k 

(V) E < Ck, for any n > Mfe. 

Select e N with 7^2 . r-Mi . 2-2 . ei > 1. Consequently, we have 7V2 G N such 

that ^yj^^ > ^ = I- And then there is X2 such that ||a;2|| = i?"^^ ■ 2"^ ■ ei and 

lim ||T'=a;2|| =0, and ||T'a;2|| > 7ia;2||, i = l,...,N2. 

k—*oc 

So we can choose M2 such that ||T"a;i|| -|- ||T"a;2|| < €2 for any n > M2. 

Continue in this manner. If we have obtained {xk}'^^i, {Nk}'^^i, and 
{-^*;}fc=i such that for each k = 2, . . . ,m 

(1) ||a;fe||=i?-^'=--2-'=.efc_i ; 
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(2) \\T'xk\\>-t%Xkl 1=1,..., Nk-, 

(3) • ■ 2-'= ■ efe_i > 1; 

iVfe ^ fe ' 

k 

(5) E < efc, for any n > Mfe; 

Select A/'^.+i e N with 7^-+i • i?"^- • 2-('"+i) Consequently, we have 

Nm+i e N such that > ""+^7^ = And then there is Xm+i such 

that ||a;„+i|| = i?"^- • 2-('"+i) • e„ and 

lim ||r'=a;„+i|| =0, and ||T'a;™+i|| > 7*||a;„+i||, i = 1, . . . ,Nm+i. 

fe— »oo 

m+1 

So we can choose M^+i such that ^ ||r"a;j|| < Cm+i for any n > M^+i- 

i=i 

Therefore, we obtain a sequence of points {xk}'kLi associated with three se- 
quences of integers {Nkj'^i, {N'f,}^^ and {Mk}'^^ satisfying conditions (I-V). 
Moreover, conditions (I-III) imply following statement: 

CXD 

(VI) E ll^^fell is finite. 

k=l 

(VII) For each p, \\T'^Xk\\ < 2^'^ek-i, for any k > p and any 1 < i < Mp. Hence, 

oo oo 

E \Txk\\< E 2-'=efe_i < ep, for any 1 < i < Mp. 

fe=p+l k=p+l 

(VIII) For each k, \\rxk\\ > 1, i = N'^, . . . , Nk. 

Notice Mfc > Nk > Nj, > Mk-i for each k by the manner of our construction. 
Then we have 

(V) "e rXll < ^k-i, for n = N'^,...,Nk. 

OO 

(VIP) For each p, E WT^'xkW < Ep, n = %,... , Np. 

k-p+l 

Let S2 = {0, 1}^ be a symbolic space with two symbols. According to condition 
(VI), we can define a map / : S2 — > X as follows, 

00 

k=l 

for every element ^ = (^1, ^2, • • •) € S2- 

Obviously one can get an uncountable subset Z? G S2 such that for any two 
distinct ^, ^' G D, ^ and ^' have infinite coordinates different and infinite coordinates 
equivalent. Then 

00 

difiO, /(€')) = 11/(0 - /(Oil = II T.(^k - Qxkl 

k=l 

00 

Set ^= (^1,^2,...) = (a-^1,6-^2,---)- Thenrf(/(0,/(n) = || E 

fe=i 

Note that the possible values of ^fe — are only 0, -1 or 1, and 6 has infinite 
coordinates being zero and infinite coordinates being nonzero. 

Now we'll prove that {/(0> /(C)} is a distributionally chaotic pair. 
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oo 

Let z ~ Yl (^kXk- Suppose {kg}'^i be the infinite subsequence such that the 
fe=i 

kg — th coordinate of 9 is nonzero(l or -1) and {kr}'^i be the infinite subsequence 
such that the kr — th coordinate of 6 is zero. 

By (V), (VIF) and (VIII), for n = 7V^_^, . . . , TVfe, 

kq-l OO 

||T"^||>||T"(e,,x,J||-^||T"x,||- ||T"x,||>l-efe,_i-e,,. 
Since {ek}kLi decrease to zero, then 

< hm — ^ 

< hm = 0. 

g^oo kq 

On the other hand, iov n = N'f, , . . . , Nf.^ 

kr — 1 OO 

||T"^||<||T"(e,,a;,J||+5^||T"a;,-||+ ||T"ar,|| < + e^,. 

i=i j=k^+\ 

Since {ek}kLi decrease to zero, then for any r > 

r— '■OO TV/,. 

> lim = 1. 

Therefore, is a distributionally chaotic pair for any distinct points 

€ D and hence f{D) is a distributionally e-scrambled set. This ends the proof. 

□ 

In the present article, it has been filled by this conclusion. In fact, we could 

extend it in some way. For instance, we have 

Theorem 3.4 (Weakly Distributionally Chaotic Criterion). Let X be a Banach 
space and letT G C(X). If for any sequence of positive numbers Cm increasing to 
+0O, there exist {Xm}m=i satisfying 
{WNUl) lim IIT'^.T^II = 0. 

k—^oo 

{WNU2) There is a sequence of positive integers N-m increasing to -\-oq, such 

that lim *iO<i<N,r.-^\T^.,r.\\>C^\\=C,r.\\} ^ ^ 

Then T is distributionally chaotic. 
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The proof is similar to Theorem 13.31 According to Grosse-Erdmann's character- 
ization [7], it is not difficult to see that Devaney chaotic backward shift operators 
satisfy the conditions of Theorem 13.41 So one can get the following conclusion 
immediately. 

Corollary 3.5. If T is a Devaney chaotic backward shift operator, then T is dis- 
trihutionally chaotic. 

Remark 3.6. This result is contained in a recent article |6j, in which F. Martinez- 
Gimenez, P. Oprocha and A. Peris, considered distributional chaos for shift opera- 
tors. 

Applying this Distributionally Chaotic Criterion 13. 3[ we'll provide a sufficient 
condition which gives distributional chaots for Cowen-Douglas operators. 

Theorem 3.7. Let T e If fl S ^ (f>, then T is norm-unimodal. Conse- 

quently, T is distributionally chaotic. 

Proof. Since 17 is a connected open subset and Vin S ^ 4>, there exists /3 G O with 
> 1. Furthermore, we can select a nontrivial y £ keriT — (3). Let 1 < 7 < |/3| 

be a constant. Given any m £ N, set e < • min{l, -^^pq^, 1 < « < m}. Then 

m 

U — {~\ T^^{B{T^y, e)) is an open neighborhood of y. Then for any z ^ U, 

i=0 

\\rz\\ > \\ry\\ - e = \m\y\\ - £ > \m\4 ~ (l/3r + l)e > f\\zl ^^^,...,m 
By hypothesis, one can obtain a bounded connected open subset Qi such that 

sup |q;| = A < 1. 

By proposition 11.51 there exists a point x & U satisfying 

t 

X = Xj , 

where Xj € ker{T — Xj), Aj e fii, j = 1, . . . ,t. Then this x is the point we hope to 
get. One hand, 

t t t 

lim ||r'=x|| = lim II ^ \)x,\\ < lim l^'l ' 11^.11 < (E H^^H) J™ = «■ 
j=i i=i j=i 

On the other hand, according to the previous statement and x & U, we have 

\\T'x\\>j'\\x\\, i = l,2,...,m. 

Therefore T is norm-unimodal and hence T is distributionally chaotic by Theorem 
[3Jl □ 
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